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AERODYNAMIC DESIGN OF AIRFOIL SECTIONS

K. Uemaya, M. Omura, and T. Tanioka,
Aerodynamic Researdh'Section, 1st Technical Division,

Nagoya Aircraft Mandfacturing Plant (Mitsubishi Heavy lndustries)

1. Introduction /i*

In the area of research on airfoil sections, which have a

very important effect on aircraft performance, fragmentary

studies conducted in Great Britain and prewar Germany were fol-

lowed by a large-scale systematic airfoil research and development

project undertaken by NACA of the United States. These NACA air-

foil sections have been widely used in aircraft of all types

from low-speed aircraft to supersonic aircraft. But we have now

reached a stage where it has become possible to develop airfoil

sections which meet the various aircraft performance requirements

more rationally thanks to a deeper understanding of the effects

of the boundary layer and compressibility, as well as to progress

in the area of computers.

After a look at the history of the research and development

of past airfoil sections, this report will discuss methods for

designing optimal airfoil sections to satisfy requiredspedifica-

tions for the speed range from low speed to high subsonic speeds,

and present their design applications in the form of twolnew types

of airfoil sections and cascade blades. This report will mention

calculation examples, most of which have been presented in various

publications, but many of the calculations methods cited in this

text have already bbeen programmed at the Nagoya Aircraft Manu-

facturing Plant and are being used in the designing of such air-

foil sections as the rooftop-,rear l.o-ading airfoils' (see

* Numbers in the margin indicate pagination in the foreign text.
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Section 7.2). As far as aircraft wings are concerned, there are

various important subjects which we are exploring, such as tran"

sonic airfoils, which include supercritical airfoils that are
rapidly gaining attentiontthese days, and sectional designs of

three-dimensional wings. These subjects will bedealt with on

other occasions, while this report will deal solely with two-

dimensional subsonic airfoil sections (under the velocity of sound

at every point ontthe wing surface).

2. History of Airfoil Research and Development

In the early days, airfoils used to consist of cambered flat

sheets, but when practical applications of the thin wing theory

became feasible, there began the designing of airfoils which were

thin wings appropriately thickened to decrease the travel of the

center of pressure. The G6ttingen airfoils (Fig. 1) were developed

in Germany in the 1920's, while in the United States the NACA

four-digit airfoils (Fig. 2) were designed in the early 19301s.

Shortly thereafter, in the

5K United States, airfoils of /2
5K 6K 7K 8K

10K high maximum lift coefficient

13K 14K 15K i6K CLmax and low minimum drag

123 227 242 23 coefficient CDO, called the
289 301 335 342 NACA five-digit airfoils

387 (Fig. 3A), were developed and
417a 420 436 449

47 4 were widely used in various
459 C: 508 535

549 564 593 596 countries before the war,
S09 10 especially the NACA 23102.

622 623 624 625

652 ,76 677 682
735- These NACA profileasec-

708 711 735 738

74744 74 758 tions were designed by

166 76 =7 9 systematically varying the

distributions of the profile

Fig. 1. Some of the Gbttingen thickness or camber. Rather
airfoils.

than being designedwwith clear
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Fig. 2., Some NACA four-digit airfoils [1].

targets in terms of aerodynamic characteristics, they were built
for the purpose of selecting those of superior characteristics

and defining areas of possible improvements through wind tunnel

tests.

Meanwhile, a method for calculating the pressure distribution /3
around a given airfoil section in a nonviscous, imcompressible

flow was developed for the first time in the early 1930!s [3].Then, in theaearly 1940's, it became possible to construct airfoils

possessing given pressure distributions by means of approximation

[4]i . Also, due to progress in reseacbh on the boundary layer, it
became possible to estimate the point of transition from laminar
flow to turbulent flow, so that for the first time the pressure
distribution on the wing became an important factor in airfoil
design. Consequently, there occurred a shift from the previous
concept of selecting airfoils of good characteristics by syste-

matically varying their shapes to the approach of attempting to

Fi. -om AC furdii arfil [1

targts n trmsof erodnamc caraterstic, tey ere',,uil
forth prpoe f elctig hoe f speio carateisic

and efiing rea of ossble mprvemets hrouh wnd tnne
tests.~

Meanhil, amethd fr clcuatin th prssue ditriutin /
aroun a gven irfol setionin a onvicous imcmpresibl
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(A) 5five-digit airfoils

654-021 654-221 654-421

(B)) 6x-series laminar 6-006 66-206 671-015

66-009 66-209 671-215

63-006 63206 61resultthefirstlamin012 6low airfoils, the NACA on212

63-009 63-209 66,-4',S

662015series, system 16 was widely used in propellers. This series was

63102laminar flow airfoils, in which the drag against thedesign lift663-418

632-015 63-25 326 66<021 66422 1

33-01 633- 218 63 418 633-618 64A310 747A015 747A315 47415

P3. .:021 -- - -

634021 634221 634_421 836D110 8478110 8 K 12 l-H-09

Fig. 3B), whi3. Some NACA fid wide applii airfoils and six-series
laminar airfoils [1].
.A) five-digit airfoils
(B) six-series laminar flow airfbils

design practical airfoil sections by systematically varying their

pressure distribution.

As a result, the first laminar flow airfoils, the NACA one-

series airfoils, were developed in the late. 1930's. In this

series, system 16 was widely used in propellers. This series was

followed by the development of the two-series to five-series

laminar flow airfoils, in which the drag against theudesign lift

was greatly reduced, but the problem of low maximum lift due to the

small curvature of the wing still remained. This problem was

successfully solved by the six-series laminar flow airfoils

(Fig. 3B), whibh found wide application both before and after the

war.



, \ .. e From the mid-1940 ts, the

obj ective of research

S\ rcbegan to shift toward the

improvements of high-speed
4-

S a ~A 8 D characteristics such as

At g fthe rapid increase in drag
2- H d ethde

01o s.Y at transonic speeds [51.

1 2 However, due to the ex-

- b00125c treme complexity of the

,n - .2 , .- , ,h flow around the airfoil04 0.8 1.2 1.6 2.o 2.4

,,f - -section at transonic
Fig. 4. Relationship between nose
shape and stall characteristics [61. speeds, it was not pos-

sible to determine the
Key: a. Nose stall; b. Thinwg sibe to determine the
stall; c. Mixed type stall; b. shape or pressure distri-
d. Trailing edge stall; e. Stall bution which would im-
patterns; f. Nose radius; g. Camber;
h. Definition of Y125 prove the characteristics,

and the systematic develop-

ment of airfoils gradually

fell out of use. With the develop-

c, ment of airfoils in this state of

c6 c ., temporary standstill, researchers

C. .,0 mainly turned to experiments in
1.4 - R!! I- c 00i

0.4 /their efforts to find explanations

of the phenomena and methods for

improvement. This led to the
0.35

1.0- elucidation of such aspectsaas the

0.2 relationships of the profile and

0.8- <(1 thickness of the wing nose to the

tt:X a b maximum lift coefficient at the

0 8 12 16 20o stall characteristics [6, 71 (Figs.

-/e " 4 and 5). These findings were
Fig. 5. Variation of CLmax applid,A among other things, to
with nose shape [7].

Key: a. c: wing chord the improvement of the low-speed

length; b. t: maximum pro- characteristics of relatively thin
file thickness. airfoils used in high-speed aircraft.
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In our country, the late 1930's saw the perfection of prac-

tical airfoil theories [8, 9], which were used in the development

of various types of airfoils including laminar flow airfoils.

After the war, however, practically no substantial development of

airfoils was undertaken until the late 1960's. The situation is

similar in West Germany too. Research into airfoils went on un-

interruptedly in countries such as Great Britain and France, which

continued their development of aircraft during and after the war.

But since the emphasis of their research was on the improvements

of the transonic characteristics to accompany the development of

faster aircraft, a systematic development of airfoils was not

conducted as in the case of the United States. They adopted the

method of constructing new airfoils to meet the requirements of

airframes on a trial-and-error basis with the existing airfoils

as the starting point.

Since the characteristics of the various NACA airfoil types

are known through data from wind tunnel tests, and since the

airfoils are available in a wide range of combinations of profile

thickness and design lift coefficients, they are being widely used

even today.

Meanwhile, a gradual reevaluation of the NACA laminar flow

airfoils began to take place from the mid-1950's, and this led to

the confirmation of the feasibility of developing airfoils of

superior characteristics [10]. In addition, we now have a good

prospect that it will soon be possible to estimate airfoil charac-

teristics which take the effects of the boundary layer into

consideration [11]. When the use of computers became practical in the

1960's, it became easier to calculate the pressure distribution

around the airfoil section. Furthermore, there was an improvement

in the accuracy of the calculation of the boundary layer charac-

teristics, so that by now it has become possible to design airfoils

which meet the required specifications from the theoretical calcula-

tions as far as subsonic airfoils (below velocity of sound at

every point on the wing surface) are concerned.
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: _~ 3, Des ign Process

ii a d 50ft*S 'A
(I) t#N~flr : ( (2) nR)*ig4x

s ie &* Vi1 °nt- There are two routes
Sman i Iby which an airfoil

;ta ... ,, which satisfies given
hi specification require-

"~l* ,ments may be designed

m, M-- (Fig. 6).

, b 1. correction of

E $- existing airfoils

The analysis of
Fig. 6. Design process. characteristics and the

Key: a. (1) Design route using cor- correct16nuof profiles
rection of existing airfoils; b. Air-
foil profile; c. Analysis of aerody-
namic characteristics; d. Calculation
of pressure distribution (nonviscous,
imcompressible flow); e. Correction
for compressibility effect; f. Calcu- files sought by obtaining
lation of boundary layer charateris-
tics; g. Calculation of three-compo-
nent characteristics; h. Bypass; pattern.
i. Characteristic calculation loop;
j. (2) Design route when giving
pressure distribution pattern; First, the airfoil
k. Calculation of airfoil shape;
1. Pressure distribution pattern;
m. Correction; n. Aerodynamic charac- pressure distribution
teristics; o. Comparison with re-
quired specifications; p. Pressure patterns are corrected
distribution pattern determination repeatedly until a
loop; q. Completed design pressure distribution

pattern which satisfies

the required specifica-

tions concerning the airfoil profile is obtained. Next, the

characteristics are analyzed and compared with the required aero-

dynamic specifications and, if necessary, the airfoil section or

the pressure distribution pattern is corrected.
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Although it is possible to complete the design by routel /4l

alone, this would be unsuitable when the differences between the

initially given airfoil characteristics and the required specifi-

cations to be satisfied are large, since the number of repetitions

would be increased. In such a case, it would be better first of

all to grasp the relationship beteen the aerodynamic character-

istics and the pressure distribution pattern by means of

theoretical calculations or the analysis of wind tunnel test re-

sults, then to determine the airfoil profile by means of

calculations through the entirety of route 2, and finally to

embark on the actual designing through route 1. Furthermore,

route 2 is indispensable for the desighii of airfoils with spe-

cial pressure distributions.

4. Establishment of Required Specifications

The airfoil section must satisfy not only requirements in terms

of aerodynamic characteristics, but also requirements in terms of

the geometric profile.

First of all, the principal requirements in terms of aero-

dynamic characteristics (Fig. 7A) are as follows:

(1) Maximum Lift Coefficient CLmax

This should be as high as possible. It is necessary to make

the curvature of the leading edge large to prevent separation at

the nose,while the pressure climb at the back of the wing should

be slight in order to delay separation at the trailing edge.

(2) Minimum Drag Coefficient CD0

This should be as low as possible. Toathis end, it is

necessary to design the airfoil in such a way that the boundary

8
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b. CL: lift coefficient

c. CD: drag coefficient

f. Crest point

i. Profile thickness

0. Flap

k. railin Ted angle

m. Aileron

cL: 0 m b 3 CD

0.02 C.:1I bm
0  C

trailing edge. e
This should. Prinbe as hipalgh as possibe The praiessure distribution

must be such that a high lift is obtained while separation of the

j. Flap
k. Trailing edge angle
1. Smoothness
m. Aileron

layer is maintained as alaminar flow as far as the rear of the

wing, and, at the same time, separation does not occur at the
trailing edge.

(3) Maximum Lift-Drag Ratio (CL/CD)max

This should be as high as possible. The pressure distribution

must be such that a high lift is obtained while separation of the

boundary layer is suppressed.

9



(4) Stall Characteristics

It is required that a rapid decrease in lift or changes in

the*pitching moment doenotobccurr Tt is therefore necessary to

designaa pressure distribution pattern in which the spread of

separation with respect to the angle of incidence is mild, as well

as to make the curvature of the nose large.

(5) Mach Number of Rapid Drag Increase MD

This should be as high as possible. One solution is to main-

tain the speed at the crest point (Fig. 7A) below the local

velocity of sound.

Next, there are the following requirements concerning the

geometric profile (Fig. 7B).

(1) Maximum Profile Thickness tmax

This should be as thick as possible from the standpoint of

fuel space and structural strength.

(2) Profile Thickness Distribution of Trailing Edge

Ample space for housing the high lift device (flap) and the

leg is necessary. Also, an extremely thin trailing edge is not

practical from the standpoint of structural strength.

(3) Trailing Edge Angle

This must not be greater than a certain angle or the eff ctije-

ress of the aileron may be impaired.

10



(4) Smoothness

Sudden changes in the curvature or surface depressions must

be avoided as much as possible.

What is evident here is that it is not always possible to de-r

sign an airfoil which would satisfy arbitrarily-given specifica-

tions, because some of these requirements are in conflict with

each other. Consequently, it is first of all necessary to carry

out adjustments in the required specifications on the basis of the

available data (for instance, Figs. 4 and 5),before entering the

design phase. Secondly, it is also necessary to make appropriate

corrections in the course of the design process, so that needless

efforts may be avoided.

5. Analysis Method for Aerodynamic Characteristics

The most reliable method of analyzing the characteristics of

an airfoil is the wind tunnel test. But, since this method is

both time-consuming and costly, it is not suitable for conducting

adrreaching examinations in the initial stage of airfoil design,

although it is effective for verifying the characteristics or

studying the effects of minor corrections.

The method through calculation still remains ineffectual with

respect to conditions in which the effects of separation or com-

pressibility are major, but it has advanced to thentoint of

providing sufficient accuracy for the analysis of characteristics

in the vicinity of the design point (in the range of normally used

Mach numbers and lift coefficients).

The analysis of characteristics for a given airfoil section

prnofile may be divided into the following four steps (Fig, 6):
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1. calculation of pressure distribution (nonviscous, in-

compressible flow);

2. correction for compressible flow;

3. calculation of boundary layer characteristics;

4. calculation of three-component characteristics.

It is not always necessary to go through all these steps,

In the initial stage of the design process, steps 2 or 3 are

sometimes bypassed.

5.1. Calculation of Pressure Distribution

Many methods have been developed, but it would seem that on

the basis of suitability for numerical value calculations and

applicability to both the pressure distribution calculation and

the airfoil profile calculation, Weber's method [12] is suitable

for wings with a small camber, and Oeller's method [13], which was

developed as a theory th the calculation of cascade blades, is

suitable for wings with a large camber.

5.1.1. Weber's Method

Although this method can only be applied to airfoil sections

of relatively thin camber or profile thickness, since it is based

on the microdistirbance theory, its accuracy has been confirmed

to be sufficient in practical use within the possible range of its

application. By now, its application has been expanded even to

analysis of airfoil characteristics which take into consideration

compressibility and boundary layer effects, and good agreement

has been obtained with experimental values. Another advantage of

this method is that it is applicable to the design and characteris-

tics analysis of three-dimensional wings. It is currently being

applied widely in this area.
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In this method, it is assumed that tthe wing surface is re-

presented by a combination of the camber and thickness. It is

noted that the airfoil coordinates are dimensionless along the

wing chord.

camber Yc = 0.5 (YUPPER + YLOWER)
(1)

profile thickness Yt = 0.5 (YUPPER - YLOWER)

Assuming that the flow around the airfoil can be expressed in

terms of the-vvortex y(x) and effusion 4 (:) distributed on the line

of the wing chord, their intensities are determined by the

boundary condition

.dy= v 
(2)

where UO:: velocity of uniform flow

u, v: disturbance velocities in the direction of the x and

y axes.

T1:hi This boundary condition can be further divided into the

two conditions of

d-x =U (3) /5
r(1)=o(Kutta's condition at trailing edge)

dy, Vq (4)

The case of angle of incidence a = 0 is first considered.

The velocity u (x), which is induced by vortex distribution ¥

in the direction of the x axis, is given by equation (5), which

solves equation (3).

13



. ... .. d

+: upper surface; *: lower surface

Similarly, the induced velocity uq(x) is given by equation (6),

which solves equation (4).

(t + 1 + dy, d (6)
Uo J.O dE x-C

Next, the velocity increase without the angle of incidence

is given by equation (7), which adds the effect of profile thick'

ness to the value in the case of a flat panel.

sina N-x r dyd (7)

When theuuniform flow rate UO and the induced velocities

above are combined, the velocity distributions on the upper and

lower surfaces of the wing are bbtained. Normally, equation (8),

which contains a correction for improvingithe accuracy in the

vicinity of the nose, is used.

U(x) 1+S(x) )SC4)(x) ±sin a - (1+S(3)(x)}
___ X(8)-0 -u I/ 1+ (UYx-) ±S ((x)) I

where

Sc)(x)=) =1 dyt d"

$(2) X _- dyt
dx

S,,(x)=1 fI dy, y, (9)d
So( x )_ { d 2(1-$) x-$

St(s)(,)= 1 -x dy /x o di-s 1- X-C

dy

14



During the actual calculation of numerical values, profile

thickness yt(xV) and camber yc(x )are sought with respect to

the (N - 1) number of the x coordinates

.=O.5 (1+Cos N v=1. ..., N- (10)

before S(l)(x,),...,S( 5 )(xv) are calculated from equations (11).

N-1
Sc'(x )=ESC1(m, v)y,(x.)

p-l

N-I
s(

2
)(x,)= SC2(p, v)yt(xv)

S(m (x.)= SC3(p, v)y,(x.)+SC3(N . (11)

N-I
S'4(x,)= ZSC4(p, v)y,(x,)

N-I

In the above, p is the nose radius and c is the wing chord

length. The coefficients SCi(P,v)...SC5 (P,v) are given in the

Appendix.

The advantage of Weber's method is that the above coefficients

are defineduuniquely by giving the partition number N, regardless

of the airfoil type, so that the velocity distribution can be cal-

culated easily for any given airfoil section. As already stated,
the accuracy of this method, which is based on the microdisturbance

theory, deteriorates for large camber, profile thickness and

angle of incidence (Fig. 8), but its practicality is sufficient

with respect to the vicinity of the design point of airfoils in the

range of common use in aircraft (Fig. 9). With respect to cas-

cade blades, there is Schlichting's method, which resembles

Weber's method, but we will omit it on this occasion.
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Cp =O10* CP o,10
a"

-I4 - M Cr. 1.2 4 - C -241
Weber 1.2 * 2 .1

o A A 1.203 0 2411

-2 -6

Cp a 10, C
OCL=3.68

-4CL=1.43 -4r 3.134 1.39 o 3.673
1.430

-2

SIC

C '

Fig. 8. Accuracy check on Weber's method and finite
element method [15].-

Key: a. Strict solution
b. Finite element method

=r CL a . cL 5.1.2. Oeller's Method
Mo=O - 0.547 A(- 6o=O.7 - 0.47 ,ic '(Finite Element

---- 0.534 *rg b ---- 0.48 Weber-Wiby Method)
-1 --- 0.512 Weber -1 -ML= .O

Cp M= ,

In this method, the

S/ vortex is distributed over
SIC the wing surface, but,

unlike Weber's method,
-- - -- there is no restriction

u Doas0S525 NPL3111 on its application.

Fig. 9. Comparison of Weber's
method with other more exact

The flow function ofmethods [17, 18].
the flow around the wing

Key: a. Difference calculus (semi-
can be expressed asstrict solution); b. Finite element

method; c. Strict solution

+- Tr(s')K(f, s')ds (12)

but it has to be = 0 = const along the wing surface, since there

16



is only one line of flow on the wing surface. When the vortex

distribution y(s) is defined to satisfy this condition, the

velocity on the wing surface U(s) is given simply by

U(s ) (13) /6

The function K(s,s') is

K(s, s') = -In r =-in J(x -)2+(y-) 2  (14)

for a single airfoil, and

K(s, s')= -In R

-In h 2r(x-) 2(y-) (15)-n / cosh -cos E

for cascade blades (Fig. 10).

Let us discuss the cal-

culation procedure for a
b
In, , single airfoil. The wing
Uj.1j, surface is first divided

t into N number of small ele-

--. o ments. Assuming that the

vortexLdistribution is

"- - o s , 0 uniform on these elements,
>. c

dne-ad the integral is replaced with

a finite sum, and it is fur-h

ther assumed that the

Fig. 10. Calculation model for boundary condition mentioned

Oeller's method. earlier is satisfied at the

Key: a. Line element; b. Boun- midpoint of each element. In
dary point of i-th line element;
c. j-th line element; d. (Vor- this manner, N number of
tex of uniform density is simultaneous linear equations
distributed.)

are obtained with respect to

N + I number of unknown

17



quantities (intensity yi of N number of vortices and flow function

value x0). By solving N + 1 number of simultaneous equations

Tyr Ki rj + Oo=Yi Uo cos a -xi Uo sin a (16),., (16)
i=l . ...... N

T1 --TN

which consist of the above combined Kutta's condition at the

trailing edge, the vortextintensity, which is to say the velocity,

is obtained.

Kij is the influence coefficient from the j-th element to

the i-th boundary point. By setting the system of cootdinates as

shown in Fig. 10, it can be calculated by the following equations.

Kii= (s - E) In {((s;- E)2 + 7)i)

+ ~,i n (Ei+ i2)] - Asi

+v, tan-1(4' )7-/tan-'i )i (17)

= Adsitn ( 1 d : - =I

In the case of cascade blades, it is necessary to fubt her

subdivide the j-th element and obtain it by numerical integration.

However, the above equation may be used in the case of i = j.

The calclation accuracy of Oeller's method is of the same

degree as that of other finite element calculation methods [14, 15]1

A comparison with the strict solution is shown in Fig. 8. The

accuracy is extremely good.

5.2. Correction for Compressibility Effect

When the velocity of uniform flow becomes high, it is no

longer possible to ignore the effect of compressibility. The

18



following methods, which are correction methods based on the

approximation theory., whoslepracticality has been confirmed through

comparison with experimental results, can be applied.

5.2.1. Karman-Tsien Method

This is often used because of its simplicity. First of all,

theavelocity distribution Ui is calculated for an incompressible

'flow, so that the pressure coefficient Cpi is obtained.

c /,=1- (18)

It is assumed that the pressure coefficient Cp corrected for the

compressibility effect is given by the following equation

Cp=. CpO= M , + ,1 MocP,, 
(19)

2(1+J1-AoI )

5.2.2. Wilby's Method [1]

This method is suitable for application to the calculation of

pressure distribution by means of Weber's method.

S(0 +S ( ) .sin - / 1 ( sina\2-

U- -B-t*+ -  -
Uo S(2) -S(s) a

(20)

The pressure coefficient is calculated using the followingequation,

c= 1o .- 1 U 2  
(21)
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Since the accuracy of correction varies according to the air-

foil shape as shown in Fig. 11, it is not possible to state

unconditionally which method is superior.

5.2.3. Stockman's
a Method [19]

Mo=0.7454 -as Mo=0.613
=-Te a = 3.5 ---- Weber/Wilby

-1 --- WeberWilby -This is a method

I .. L= which was discovered ex-

perimentally as a

S 0 o 0 correction method for

internal flows, such as

cascade blades or jet

engine intake. In

order to apply this
Fig. 11. Accuracy check on compres- method the velocity
sibility correction methods [17, 18]. m
Wilby's method. distribution Ui on the

Key: a. Strict solhtion, wingsurfacenand the

mean flow velocity Ui

between the cascade

blades are calculated first undebhthenassumption that the flow is

incompressible. Next, mean density Pc is sought under the assump70

tion that the flow between the cascade blades is a compressible,

oneedimensional flow, and then the velocity Uc on the wing surface

is calculated using the following equation.

' U- ,~ "(22)

Fig. 12 shows an example of the application of this method to

the pressure distribution on the interior of an air intake.
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ex , a 513.... Caculati'on- of Boundary
-----I tE Layer Characteristics

UO- o.s8 Most of the aerodynamic

".0 2- -0 i characteristics of airfoils

L 0. .1 a20 or cascade blades are deter-
zlL

0-9a'e c .o0 0!. mined by the behavior of the

d 0oo a zh$- boundary layer on the wing

\_0 %N i surface. In other words,
0.8 0.6 0

I the maximum lift or the stall
0., ~d A M 1 a=40'

6 .= 0.4 characteristics are determined
a os o 0.5 1.0 by the manner in which se-

/iL I/L

Fig. 12. Accuracy check on co- paration of the boundaryFig. 12. Accuracy check on com-
pressibility correction method layer occurs, while the
[17]. Stockman's method. minimum drag is determined by

Key: a. Air intake; b. Engine; the position of transition
c. Incompressible flow calcula-
tion; d. Correction for com-
pressibility effect; e. Experi- as by the manner in which
mental value; f. Incompressible
flow calculation corrected for
compressibility effect; thereafter.
g. Experimental values (pressure
distribution on upper side of
inner surface); h. 100% flow Due to recent advances
volume; i. 90% flow volume in the area of calculation

methods for the turbulent

flow boundary layer, the

accuracy of the estimation of the dnag inttheavicinity of the design

point has been improved considerably. However, while the accuracy

of estimation of the separation point when the velocity distribu- /7

tion after the occurrence of separation has been givenhas become

quite high, a method has not yet been established for the esti-

mation of the velocity distribution when it is accompanied by

separation. It is therefore impossible at present to seek the

maximum lift or stall characteristics quantitatively. Neverthe-

less, it is still possible to estimate whether separation occurs

or not, so that such estimation methods can be effective in

21



a 5xgn t Sa 0.012 NACA652-415 qualitative studies or the
b c-PA,te o1 o .k improvement of the

R=&9X106
-axo characteristics.

,1t aOtXg 0.002- As shown in Fig. 13,
3 20' NACA66.2-420 .

16. 22 R=6.5x0
6  

-0.4-0.2 0 02 0.4 0.6 0.8 1.0 the boundary layer is a

DcL laminar flow at the air-
12' Lb TE

0.010 R=6-9x106

2 o0 h i ai<6' foil nose, and undergoes a

aHead 0751 (Ji kcn transitiOn to turbulent

&=s - L flow at a certain point.

1. When the decrease in the

0C 0 0 00.40.60.810 0 .5 0.010m velocity on the wing sur-

Fig. 13. Estimation of separation face, that is, the increase
point of boundary layer and drag in pressure, is rapid,
coefficient [23, 2L4]. separation can occur either

Key: a. Boundary layer condition in thellaminar flow portion
onwwing surface; b. Laminar flow; or in the turbulent flowc. Transition; d. Turbulent flow;
e. Stagnation point; f. Separation portion.
point; g. Estimation of separation
point; h. Difference calculus;
i. Head's method; j. Calculated On this occasion, we
value; k. Experimental values; will show one method for
1. Experiment (CD); m. Calcu-
lated (CD) calculating the boundary

layer characteristics in an

incompressible flow. In

practice, we use a calculation method in which these characteris-

tics are corrected for the compressibility effect [22], but it will

be omitted in this report.

5.3.1. Laminar Flow Boundary Layer

By means of the Thwaite method [201, the momentum thickness e

may be obtained by the following integration process, provided that

the velocity distribution U can be obtained,
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0. 45f)*U d (23)

Here R is the Reynolds number which is defined by the fol4

lowing equation in tterms of the uniform flow velocity UO, chord

length c, and the kinetic viscosity coefficient v of the fluid.

R=-- u (24)

In addition, 6 is a quantity which is defined in the following

manner from thevelocity distribution u inside the boundary layer.

f i-)dy (25)

In this method, it is assumed that separation occurs at the

point where the following equation is satisfied.

( ) 0.090 d -
(7 d (26)

5.3.2. Transition

Let the point at which the following experimental equation of

Michel [23 is satisfied be the transition point.

R (=1.174 1+ 22400 xo.46

0.1 x 106R560 x 106

where (27)

R,= -, R,

Although there is a certain distance between .the starting

point and the end point of transition, we will carry out the
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calculation of the turbulent flow boundary layer on the assump-

tion that the transition occurs at the single point obtained from

equation (27) for the sake of convenience of calculation. Also,

when the laminar flow boundary layer undergoes re-adhesion after

separation, the separation point will be considered as the transi-

tion point.

5.3.3. Turbulent Flow Boundary Layer

Head's method [21] is not only easy to use, but also is in

good agreement with the experimental values. In this method, the

momentum thickness e is obtained by solving th@ffof owing dif-

ferential equation.

de+ dU Ct t-+(H+2)-=- - (28)
dx Udx 2 (28)

Cf is the friction coefficient for which the following equa-

tion is widely used.

Cf = 0.246(10)-0.678H(R)-0.26 (29)

Here, H is the form coefficient and is a ratio between e and dis-

placement thickness 6*.

H=

*= - Vdy (30)

In order to solve equation (30), it is necessary to know the

value of H. This is obtained by the following equations.

1 d(UOH) =0.0299(I,-3.0)o.169
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, G() = 0.8234(H- 1.1)-'-28' HI1.6

. ... I1.5501(H-0.6778)-3. +3.3 1 1.61 (32)

It is noted that the initial values of 6 and H, 00 and H0 ,

are necessary for the above calculations. These are obtained from

the 0T and HT at the transition point, which was obtained in the

calculation of the laminar flow boundary layer in the following

manner.

o r RoTr320
o= 3201 Ror<320 (33)

Ror<320

1o= HT- (1.19+0.1 in Rer-O.Oos(In RoTr2 (34)

Separation in the turbulent flow boundary layer occurs when

the value of H is between 1.8 and 2.4. It may seem that the dif- /8

ference between these upper and lower limits of H is too large.

However, since the increase in H in the vicinity of the separation

point is rapid, this difference becomes small in terms of the

position of the separation point. It is also in good agreement

with the results obtained by means of a stricter method (difference

calculus) (Fig. 13).

5.3.4. Wake

In order to obtain the total drag,which includes the pressure

drag and the frictional drag, the momentum thickness e0 on the

infinite extension of the wake becomes necessary. For this, the

following Squire-Young equation [23] is used.

o. = oTE \ ) (35)
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5.4. Calculation of Thre'e'-Component' Characteristics

The lift coefficient and the pitching moment coefficient are

obtained by integrating the pressure distribution on the wing

surface.

CL =f(CP LOWER- CP UPPER) d -c.- (36)

In addition, the drag coefficient can be calculated using

equation (37).

CD-2 ((OTE)UPPER+ (OTE)LOWER)( k O I) (37

As illustratedeby Fig. 13, the drag value is in good agreement

with experimental values where the angle of incidence is small.

But since there is a large

difference between experi-
CL CL

-os35 IA Aa -- 0.s56 ItIEaS b mental and calculated values-. ----- 0.450 (j.W I-') - -- 0.395 - (R tc) ,
oc.462xc C o 0.395 ,AF :c / of the pressure distribution

S--.(Fig. 14), the accuracy is

" .-; not good in the estiimat±n

of CL and Cm. This is due

to the practical deformation
Mo=0.

2
5 a=1.82 R=2x10 Mo=0.25 a=0* R=2x10 of the airfoil profile due

oUas ~ Douglas DSMA523 to the development of the

Fig. 14. Boundary layer effect on boundary layer. According
pressure distribution [18]. to Powell [17], the effect

Key: a. Calculated value (non- of this phenomenon can be

viscous flow); b. Calculated considered in terms of the
value (including boundary layer); following three components
c. Experimental values following three components

(Fig. 15):
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( / A) Cl)Z change in profile

thickness;

(2) change in camber;

(3) change in angle of

S. incidence.

S1 --- E When Weber's method is

used, equation (9) is cor-
rected to enable the calcula-

Fig. 15. Calculation model for )
estimation of boundary layer tion of S. , S(2) and S
effect (17, 25]. Powell's
method. for profile thickness distri-
A. Flow model concept. The bution yt*, which includes

form produced by the dis-
placement surface is con- the wake,and then the velocityplacement surface is con-
sidered as an independent distribution is sought from
airfoil section. S( 4 ) and S(5 ) obtained from
YU: upper coordinate

yL: lower coordinate the corrected camber yc*, as
yc: camber
yt" profile thickness well as the corrected angle
6U*: upper displacement of incidence a* [25]. When

thickness
Slower diplacement Oeller's method is used, the

6L: lower displacement
thickness velocity distribution is sought

6W*: Wake displacement
thickness with respect to a form which

B. Equivalent profile thickness is obtained by cutting off

'y~.@+-,. ' the wake of an equivalent

C. Equivalent camber and change airfoil profile at a finite

in angle of incidence length. After that, the

equivalent airfoil profile is

+xtanJ&U readjusted by going through

Sn(~I- r steps 5.2 and 5.3. It is

2 necessary to repeat this pro-

cess until the pressure dis-
Key: a. Displacement surface

tribution pattern is settled.

Normally, convergence occurs
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- -ML after three or four times.
ip i L=1 Fig. ,16 shows calculation

examples using Weber's method.

As already stated, a
- r It Xfj(eber/Wilby; Powell) a V(eeroWilby, Powell)a

oa l a o r26 ba byo method which can be applied
M o= 0.725 a= 1.44' = 1.5 10 7 , o= 0.661 = 2 57' R = 1.5 ,10 0

' to cases accompanied by
ZZI- 2 C2 separation has not yet been

RAE 2814 (t c=
0

12) RAE 2815 (.'c=0.14)

Fig. 16. Example of pressure dis- developed. However, attempts
tribution calculation with cor- have been made to estimate
rected boundary layer effect.

such characteristics,which

Key: a. Calculated value; are situated outside the de-
b. Experimental value sign point, by adding a

separation domain of an

appropriate form onto the

equivalent airfoil profile, and there is a good prospect for

putting this method to practical use [271.

6. Design Calculation of Airfoil Profile

The case of incompressible flow is considered for the sake of

simplicity. When velocity or pressure distribution inaaqcompres-

sible flow is given, it is converted into a velocity distribution

for an incompressible flow under an appropriate hypothesis.

6.1. Design Using Weber's Method

Equation (8) is rewritten so that profile thickness yt and

camber yc become the unknown quantities.

N-I

U*(X0) 2 (38)

-sin aV3 IF(Xv\

v=l, ...... , N-1
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where

+sin a "TAC3(p, 0)

("39)

It is indicated that + re resaents the value on the upper
surface and - the value on the lower surface. From equation (38),
the following equations are derived.

N-I
SSC1(p, v)y,(x,)

=0.5(F (x,) +F-(x,)}

SC6(p, L)y,(x,) ( Q40)

=0.5(F(x,) -rF_(x,)})

Since the right side of these equations are nonlinear)func-

tionsoof yt and yc, repeated calculations are required for solving

them, but, normally,

a convergence is obtained
'lJm r- NACA 0010 At 1.0J 001 cp d e after three to five times.

_"&LR1b -0.5 V: e
-- C. =0.49

/C 
It is noted that it

/ f is also possible to intro-
0.5 .o0 0.5 .o duce the compressibility

-0 effect directly into the

aI OAiL41tr c i O._ _ g calculation by using0.5 4 5kffLi f

z, h equation (20). A calcu-I K l titA ,,=3.0"

Fig. 17. Example of airfoil profile lation example is shown in
calculation using Weber's method Fig. 17.
Ecenter section of a three-dimension-
al wing).

Key: a. Initial profile; b. Number 6.2. Design Using Oeller's
of repetitions; c. Final profile Method

(fourth repetition); d. Design
pressure distribution; e. Upper
surface; f. Lower surface; g. Center The great advantage
section; h. Airfoil design angle of of this system in design
incidence
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calculation is that x(s) and y(s) are manifested positively outside

the integral, as illustrated by equation (12),

First of all, an appropriate airfoil section is given as

the 0-th approximation of the repeated calculation process, and

Kij is calculated. 90 is then obtained by solving equation (16).

Then a new y(s) is calculated from the given design velocity

distribution by means of equation (41). For the convenience of

calculation, it is assumed that x(s) does not change.

y(si) = -60 C. x(xi) UO sinaUns (41)
+ o+ E K;U U(si)

After Kij is obtained and 90 is recalculated for the newly

obtained airfoil profile, the velocity U(sj) at the boundary point

is obtained from the calculation of distance s, which is measured

along the surface of this airfoil profile. Then, the next approxi-

mated value is sought using the above equation. This process is

repeated until the profile converges.

It is noted that when the velocities of the upper and lower

surfaces are given arbitrarily, it sometimes results in the non-

closure of the trailing edge or the intersection of the upper and

lower surfaces. It is thus necessary to make appropriate correc-

tions in the velocity distributionsa-i hef' 6urS eoEt hee 6tiiti on

p.oces~so28},th6Whehethepvelocity distribution and profile thickness

distribution of either the upper or lower surface are given, such

corrections become unnecessary. Calculation examples are shown

in Fig. 18.
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o 0 0 5 -0 0.5 1

i --

Fig. 18. Examples of airfoil and cascade profiles c a-
culatbdbpy the finite element method [28].
Key: a. Target value

d. Sixth repetiton

e. Tenth repetitionf. Cascade section design
g. Singleadirfoil design

7. Design Examples

Since the analysis of aerodynamic characteristics and airfoil

design calculations have become easier,aas we have seen, attempts

are being made to develop airfoils of better performance thahntheexisting airfoils, as well as airfoils designed for special uses.

In this report, we will introduce three examples.

7.1. High Liftg. LowDrag Airfoils

By seeking a pressure distributionRwhich would maximize the

lift which can possibly be exhibited by the upper wing surface

under the condition that the separation of the boundary layer must
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not occur, and then

constructing an airfoil

S CL=1.41 - CL =1.78 C=2.54 which fulfills such
-i CD=0.024 CD=0.02 -5 Co=0013

cP R= =L Cp 10xL0
6  p I R=6x10

6  cr6 iteria, one can ob-

0 tain a wing of high' c-- --- -- 0 -- lift and low drag. A

series of airfoils,

foils [13], were de-
CL =1.70 CL=1.88 CL=2.76

(-s5 cDo0.o2 -5 C-0.016 -5 CD0=o.o signed using such a
p R xl0 Cp R=106 Cp R=10xl06

I concept. The design

0 0 _J0 lift coefficient is as

Fig. 19. Some of Liebeck's airfoils much as 2.7,in some of
[13]. these airfoils (Fig. 19).

Key: a. Upper surface; b. Design Fig. 20, shows the

pressure distribution; c. Lower results of a wind
surface tunnel test conducted

on an airfoil whose

-4

c a b 2.0 e
-3 : ------ Mil c CL "Af

d o 3 .' ~
"/ • • ,=12.4 o

0 -05

+4** ----- -- lh

Fig, 20., Experimental results aoaPL:fei!eks ai'foil [29].

Key: a. Calculated values
b. Upper surface
c. Lower surface
d. Experimental values
e. Calculated value
f. Separation point
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CL DESIGN is 2.1. Although the target values are not achieved with

this example, it is reported that design characteristics were /10

satisfied in other unpublished resilts of wind tunnel tests.

Nonweiler's loW-drag airfoils [30] (Fig, 21) are not neces-

sarily designed for high lift, but some of them have high design

lift coefficients. Fig. 22 shows the results of a wind tunnel test

for an airfoil whose CL DESIGN is 1.39,,and the upper limit of whose

low drag domain is CL = 1.89. It is clear that its high lift

characteristics have been greatly improved when it is compared t,6t

NACA airfoils of similar profile thicknesses.

a GU 23-384 GU 23-78443-58

U ,,--- ------ 1

- CL 1.18 - CL .1 CL=0.79
0 ---- =71 --- CL= 073 C= 026

GU 63-384 GU 63-784 GU 25-5(11)9

tU *---.~--------

1 --------------------- ---------------- -

CL=1.22 -CL=1.28 --- CL=1.
8
9

0 ---- CL=.74 L ----- CL=0.7
7  

CL=0.89

Fig. 21. Some of Nonweiler's airfoils [301.

Key: a. Upper surface
b. Design velocity distribution
c. Lower surface

In addition, Liebeck's airfoils have upper surface pressure

distributions which are suitable for designing thick, separation-

free struts [24] (Fig. 23).
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oo0 O 0.020 -

GU25-5(11)8

R=0.5.- 106Il ' C
S(Powelltl

=0.6O .NAC-A X§NA

---- 23018
----- 63.4 -420
-- 653-618

C R=3xI06

. . 0 2

j-j*Mffi a GU 25-5(11)8

1 CL=1.39 R=063~10

Fig. 22. Experimental results of a Nonweiler's air-
foil [31].

Key: a. Calculated value
b. Experimental value
c. Estimation (Powell's method)
d. NACA airfoils [2]

7'.2. Rooftop-Rear Loading Airfoils

uo . - In the case of wings for high
speed aircraft, it is required that

a R. 5bXj 1" the Mach number of rapid drag in-

Fig. 23. Thick, separa P1t crease My3 (Fig. 7A) be high. The
tion-free strut [24]. cause of rapid drag increase can be

Key: a. Laminar flow; attributed to impact waves generated
b. Turbulent flow from a supersonic domain which occurs

on the wing surface. The waves cause

the separation of the boundary layer.
The airfoils in question were designed to counter this problem. They
aredesigned in such anway that the velocity distribution on the
upper wing surface is held to below the velocity of sound at the
design point (rooftop), while the insufficiency in the lift is
compensated by cambering the rear part of the wing (rear loading)
(Fig. 24.). This airfoil type may be subjected to minor corrections
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_ _ _ _ _ -----

a. (a ___ in order to improve

S -outside the design
"j- point as well. Such

i' 3,-0.70 CiAp=0.63 MD=0.70 Co.=0.30 M=0.70 CLD=0.36
an airfoil is used

RAE102-10-40-65 RAEIC4-14-60-70 RAE 02-18-60-65 in the Europa Airbus

CA 300 B.
CP , ML-- C1 G C -

4 - -4 7.3. Cascade Blades

4 4As far as cas-
M1J=0.65 CLD=0.98 ,ln=0.

70 
CLD=0.59 MD=0.65 CLD=0.58

. . cade blades are
Fig. 24. Some rooftop-rear loading air-
foils [32].ncerned, there do

not seem to be air-
Key: a. Upper surface; b, Design pres- foils that were
sure distribution; c. Lower surface

designed with specific

objectives as were the

-a,,: two types mentioned above. How-

cp 0 a 408. -11- - every the design of tandem

cascades, such as the one shown

in Fig. 25, has been attempted

[15], so that it is conceivable
/ _, 1.0 that cascade blades with new

profiles may be developed in the

0.3 future.

0.2.

0.1 8. Conclusion
, - ---- - 1.0

-0.1 -- btt d Since it has become easier

Fig. 25. Examples of tandem to design airfoils through cal-
cascade with rooftop pressure
distribution [15]. culation and since, at the same

time, the reliability of calcu-
Key: a. Target; b. Calcula- lations has beem improved, it is
tion; c. Final profiles;
d. Initial profiles. now possible to pursue the
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development of airfoils, which was conducted in the past by the

trial-and-error methodthrough wind tunnel te.sts, in shorter

periods and at lower costs. This has led to the followihg changes.

(1) It is now possible to develop optimal airfoils which

satisfy the specifications required by new aircraft types to be

developed with relative ease. This is a major improvement over

the past method, which was restricted to the use of airfoils

which may not have been optical from the limited selections in

airfoil catalogs.

(2) The development of airfoil systems with special charac-

teristics has become easier. In other words, various types of

airfoils can be obtained by varying the velocity or pressure dis-

tribution in accordance with the target aerodynamic characteristics.

In fact, the development of such airfoils,as an airfoil whose

profile thickness is maximum with respect to a given drag coeffi-

cient, an airfoil whose profiles thickness is maximum for de-

signated upper surface pressure distribution and lift coefficient,

or an airfoil of high maximum lift coefficient, has been carried

out.

At present, the confirmation of final characteristics still

depends on wind tunnel tests, due to the insufficient accuracy

ofoetifmhtion of characteristics which are greatly removed from

the design point. But there is a goodpprospect that this problem

too could be handled through calculation so that it would seem

that such methods as the ones discussed in this report will become

indispensablpcin airfoil design procedures from now on.

36



REFERENCES

1. Riegels, F., Aerodynamis'che Profile [Aerodynamic Profiles], /11
R. Ordenbourg, Munich, 1958.

2. Abbott, I.H. et al. , Theory of Wing Sections, Dover Publica-
tions, New York, 1958.

3. Theodorsen, T. et al., "General potential theory of arbitrary
wing sections," NACA TR 452, 1933.

4. Allen, J.H., "General theory of airfoil sections having ar-
bitrary shape or pressure distribution," NACA TR 833, 1943.

5. Nitzburg, G.E. etual., "A study of flow changes associated
with airfoil section drag rise at supercritical speeds,"
NACA TN 1813, 1949.

6. Gault, D.E., "A correlation of low-speed, airfoil-section
stalling characteristics with Reynolds number and airfoil
geometry," NACA TN 3963, 1967.

7. Nonweiler, T., Maximum Lift Data for Symmetrical Wings, 1955.

8. Moriya, T., "One method for obtaining the characteristics of /12
arbitrary airfoils," Nippon koku gakkai dai 29 kai koenkai
zensatsu [Preprints from the 29th Lecture Meeting of the
Japan Aeronautical EnginberingtSocietyg];, 1937, '. 12.

9. Moriguchi, S., "Calculation methods for wing section flow
velocity distributions," Nippon koku gakkai dai 71 kai
koenkai zensatsu [Preprints from the 71st Lecture Meeting
of the Japan Aeronautical Engineering Society], 1940, :n :L,

10. Eppler, R., "ResSuts.o appftnplcaninyofabogndarypfag@6
and profi& -theory," Z. Flugwiss. 8(9) (1960).

11. Spence, D.A., "The calculation of lift slopes allowing for
boundary layer, with applications to the RAE 101 and 104
airfoils," ARC R & M 3137, 1958.

12. Weber, J., "The calculation of the pressure distribution on
the surface of thick cambered wings and the design of
vings with given pressure distribution," ARC R & M 3026,
1955.

13. Ormsbee, A.I. et al., "Multiple element airfeils optimized
for maximum lift coefficient," AIAA J. 10(12) (1972).

14. Smith, A.M.O. et al., "Calculation of potential flow about
Arbitrary bodies," Progress in Aeronautical Sciences,
Vol. 8, Pergamon Press, 1966.

37



15. Wilkinson, D.H., "A numerical solution of the analysis and
design problems to the flow past one or more airfoils or
cascades," ARC R & M 3545, 1967.

16. Wilby, P.G.,',"The calculation of subcritical pressure dis-
tributions on symmetric aerofoils at zero incidence,"
ARC CP-993, 1967.

17. Powell, B.J. et al., "The prediction of airfoil pressure
distributions for subcritical viscous flows," AGARD CP-35,
1968.

18. Genetry, A.E. et al., "'Investigation of Aerodynamic Analysis
Problems in Transonic Maneuvering, Vol. I., MDC-J 5264-01,

1971.

19. Albers, J.A., "Application of compressibility correctiontio
calculation of inlet flow in inlet," J. Aircraft 10(7)
(1973).

20. Thwaites, B., Incompressible Aerodynamics, Oxford Univ. Press,
1960.

21. Head, M.R., "Entrainment in the turbulent boundary layer,"
ARC R & M,3152,(1960.

22. Ishida, Y., "Method for calculation of airfoil profile
drag," Nippon koku uchugakkaishi [Journal of the Japan
Aeronautics and Space Society] 19(213) (1971).

23. Cebeci, T. et al., "Calculation of viscous drag in incom-
pressible flows," J. Aircraft 9(10) (1972).

24. Smith, A.M.O., "Aerodynamics of high-lift airfoil systems,"
4 AGARD CP-102, 1972.

25. Powell, B.J., "The calculation of the pressure distribution
on a thick cambered airfoil at subsonic speeds including
the effects of the boundary layer," ARC CP 1005, 1967.

26. Cook, T.A., "Measurements of the boundaryllayer and wake of
two aerofoil sections at high Reynolds numbers and high
subsonic Mach numbers," ARC R & M 3722, 1971.

27. Bhateley, I.C. et al., "A simplified mathematical model for
the analysis of multi-element airfoils near stall,"
AGARD CP-102, 1972.

28. Railly, J.W., "Pure design method for airfoils in cascades,"
JMES 11(5) (1969).

38



29 Bingham, G.J., "Low-speed aerodynamic characteristics of an
aerofoil optimized for maximum lift coefficient,"
NASA TND-7071, 1972.

30. Nonweiler, T., "A new series of low-drag aerofoils,"
ARC R & M 3618, 1968.

31. Kelling, E.H., "Experimental investigation of a high-lift,
low-drag aerofoil," ARC CP 1187, 1969.

32. E.S.D.U., "Aerofoils having a specified form of upper-surface
pressure distribution," ESD TDM-67010, 1967.

39



APPENDIX

Equations for the calculation of SCJ(p,,V),...,SC 5 (P,v) [12]:

I (-1)*-1 1
N vr =N

N1-sin N2 1

S .. .._ cocoss -cosos -
2 /N N

N 22 (-1).-1 1(-1) -,si --- 'u' si ---Y - 1-cos-E --1 SC4(p, Y N N

s. - - sn N Coscos- Cos-N- o

N

nN sin -os
- i SC4(N, v) N N

N si /1 / CE71/1=1/

Nn Nos Ccos & oy/k

SC2(N, v)= # YN
Scot N 2 (-1)

l
- 1

. un sin sin 1-cos

2 1( 1' )-1)"-"
Ssin- cos--- -cos- N

SC3(p, v)= N cot-

n sin- N
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